The factors that account for the differences in the economic productivity of urban areas have remained difficult to measure and identify unambiguously. Here we show that a microscopic derivation of urban scaling relations for economic quantities vs. population, obtained from the consideration of social and infrastructural properties common to all cities, implies an effective model of economic output in the form of a Cobb-Douglas type production function. As a result we derive a new expression for the Total Factor Productivity (TFP) of urban areas, which is the standard measure of economic productivity per unit of aggregate production factors (labor and capital). Using these results we empirically demonstrate that there is a systematic dependence of urban productivity on city population size, resulting from the mismatch between the size dependence of wages and labor, so that in contemporary US cities productivity increases by about 11% with each doubling of their population. Moreover, deviations from the average scale dependence of economic output, capturing the effect of local factors, including history and other local contingencies, also manifest surprising regularities. Although, productivity is maximized by the combination of high wages and low labor input, high productivity cities show invariably high wages and high levels of employment relative to their size expectation. Conversely, low productivity cities show both low wages and employment. These results shed new light on the microscopic processes that underlie urban economic productivity, explain the emergence of effective aggregate urban economic output models in terms of labor and capital inputs and may inform the development of economic theory related to growth. 
Introduction
The importance of population size as a major determinant of the intensity of socio-economic activity in urban areas has recently been emphasized by research applying scaling analyzes to a diverse spectrum of urban indicators [1, 2, 3, 4] . Scaling analysis, which quantifies how measurable aggregate characteristics respond to a change in the size of the system, has been a powerful tool across a broad spectrum of science and technology research. Its analytical punch stems from the observation that this response is often a simple, regular, and systematic function over a wide range of sizes, indicating that there are underlying generic constraints at work on the system as it develops.
Cities, too, manifest non-trivial scaling across many metrics, both infrastructural and socio-economic, and scale in a similar way across a variety of urban systems worldwide. This is surprising since cities are quintessential complex adaptive systems manifesting multiple spatio-temporal scales with emergent dynamics that are typically viewed as historically contingent. Nevertheless, simple power law scaling is a good universal characterization of the average characteristic of cities world-wide, suggesting that a common organization and dynamics is at play in their development and economies, independent of local history, geography and culture [1, 3] . To be clear, we do not claim that there is a causal relation between urban scaling and urban productivity; scaling reveals a systematic relationship between urban population size and productivity, which itself is a manifestation of a more general relationship between population size and productivity [5, 6] . Causality stems from the ways in which being embedded inside larger agglomerations fundamentally affects how individuals interact with each other.
The scaling perspective, which may be familiar from the application of physics-based approaches to studying other complex systems, is reminiscent of another, seemingly unrelated, set of scaling relations that serve as the starting point for most economic approaches to cities and other economic units, such as firms or nations. The methodological hallmark of modern economics for discussing and quantifying the sources of economic growth and the determinants of productivity is a production function. Basically, a production function encapsulates a compact description of how aggregate economic output is generated from aggregate inputs, such as labor and capital. The conditions under which specific forms of a production function can be used to capture economic activity in cities within an urban system are often simply assumed and very rarely verified (see, for example, [7] ). The major contribution of this paper is to address the question of how specific forms of production functions, common to all cities, emerge as effective models of economic output as a result of the observation of urban scaling relations and their theoretical underpinnings. We believe that the resulting synthesis, obtained from unifying these physics and economics-based perspectives, potentially leads to new and useful insights into the socio-economic dynamics of cities.
The derivation of specific forms of urban production functions also leads to a new analysis of the economic productivity of cities. Much research has been carried out over the past two decades on the causes of productivity differences across urban areas. The prevalent methodological approach has been to utilize a variant of the so-called growth accounting method [8] in order to statistically examine which of the myriad characteristics of urban areas affect their economic productivity [9, 10, 11, 12, 13, 14, 15, 16, 17] . This procedure relies on the assumption of a specific form of production function, such as Cobb-Douglas, and thereby on the identification of changes in its pre-factor, usually referred to as total factor productivity, as the fundamental measure of changes in economic productivity.
Agglomeration economies-a set of phenomena ultimately dependent on the size and density of urban populations-have been highlighted in the literature as causal mechanisms for the productivity-enhancing effects of scale and concentration in cities [18, 19, 20, 21, 22, 23, 24, 25] . An earlier literature documented the positive correlations between urban (population) size and productivity, measured as average wage or value added [26, 27, 28, 29] . The positive relationship between urban size and productivity is indeed a central fact of urban economics, and understanding its origins remains a major challenge in understanding cities. Thus, a derivation of a production function for cities that explains and constrains these analyzes would potentially make an important contribution to the understanding of the productivity of urban economies.
The paper is organized as follows. The next section briefly introduces and reviews scaling analysis. Section 2.2 builds upon the scaling relationship to construct scale-adjusted indicators of metropolitan performance. Section 2.3 derives the form of a general production function. Section 2.4 uses urban scaling relations to derive an analytical expression for the urban production function. Finally, section 2.5 shows our empirical estimation for the scale-adjusted productivity of U.S. urban areas and its statistical patterns. We close by presenting our conclusions and discussing the implications of the present results for further research.
Results

Scaling Analysis in Urban Systems
One fundamental aspect of cities is that most of their properties are not simply proportional to population size. For example larger cities tend to display larger per capita outputs in many their socioeconomic quantities, from violent crime to wages, and need less material infrastructure per person (from roads to cables and pipes), though also use it more intensely [1] . These properties, and their detailed observed quantitative expression in terms of scaling relations can be derived from a microscopic theory that describes cities as co-located mixing social networks, subject to certain general efficiency constraints [5] .
Specifically, scaling relations characterize how a given quantity of interest, Y, depends on a measure of the size of a system, N. A common feature of scaling is scale invariance, which corresponds to a relationship formalized as:
where Y 0 is a normalization constant and b is the scaling exponent (which can also be interpreted as an elasticity, as usually defined in economics). The significance of this power-law relation becomes clear when we consider an arbitrary scale change by a factor l from N to lN. This induces a change in Y from Y(N) to Y(lN) that, without loss of generality, can be expressed as
When the scale factor Z depends only on l, i.e. Z(lN)~Z(l), equation (2) can be solved uniquely to give the scale-invariant result of equation (1), with Z(l)~l b . Scale-invariance implies that such a relationship-the ratio Y (lN)=Y (N)-is parameterized by a single dimensionless number, b. The ratio Y (lN)=Y (N) is independent of the particular system size N but is dependent on the ratio between sizes, l; such systems are often referred to as selfsimilar [30] . Non-interacting systems, e.g. an ideal gas, are strictly extensive and are characterized by b = 1. Most complex systems that can exist over a range of scales, from river networks to organisms, and from cities to ecosystems, are characterized typically by b different from unity; with open ended complex system typically displaying productivity that is superlinear, b .1.
Equation (1) bears a close resemblance to a production function (discussed in detail below), with Y denoting total economic output and N the size of urban population or labor pools (see, e.g., [14] ). On a per capita basis, Equation (1) implies y:Y =N~Y 0 N b{1 , which can be interpreted, for example, as an equation for output per person as a function of the maximal number of people sharing ideas with each other [31] . In this sense the mathematical expression of economic output in terms of production functions and scaling analysis of general complex systems are very similar, although superficially originating from different perspectives. Below we show explicitly how these two pictures are related by deriving the form of the urban production function from scaling relations and their underlying microscopic dynamics.
Scale-Adjusted Metropolitan Indicators
Scaling relations and production functions express only average expectations for (economic) outputs in terms of sets of inputs. But, as has been recently shown [32] , the correct statistical interpretation of scaling laws is as expectation values for the quantity Y, conditional on the population size of a city; that is the mean associated with the probability density P(Y|N).
The statistical fluctuations about the mean scaling law, together with the value of the scaling parameters, can be determined using the log-transformed version of equation (1):
with urban areas indexed by i. Here, the fluctuations or ''random shocks'' j i represent local (city-specific) deviations from the scaleinvariant form. As an example of an urban metric that exhibits scaling behavior consider total wages, defined as the sum total of wages and salaries earned by residents in an urban area. Ordinary least squares estimation (OLS) of equation (3) 
with p-values virtually zero. Figure 1 shows the scatter plot of the data and the fitted regression line; a plot ( Figure 2 ) clearly shows that they are scale-independent. Thus, a 1% increase in population is associated on average with a 1.15% increase in output, regardless of city size, in general agreement with theoretical expectations for b,7/6 [5] . These self-similar and increasing returns to scale establish quantitatively the economic advantages of large cities (for further evidence of scaling behavior regarding urban characteristics see [1, 2, 3, 4] ). Equation (4) expresses the average productivity for a city of size N. Deviations from this average behavior capture the characteristics of each individual urban area not accounted for by the general agglomeration effects of population size. These deviations can be quantified by writing the residual equation in (3) as
where Y i is the observed value of output for each metropolitan area. We refer to j as a Scale-Adjusted Metropolitan Indicator (SAMI) [3] . The construction of SAMIs is similar to other uses of the method of residues [33] . Unlike per capita indicators, SAMIs are dimensionless and, by construction, independent of urban size [34] . SAMIs can be constructed for any variable capturing features of urban life which are subject to scaling agglomeration effects. (The deviations from the fitted line in Figure 1 and the residuals plotted in Figure 2 are in effect the SAMIs for total wages.) As a result of these definitions we can write any stochastic urban indicator, exactly, as
We are now ready to derive the economic production function of cities from their probabilistic scaling properties.
General Derivation of Economic Production Functions
We briefly recapitulate the derivation of a general production function in order to set up the theoretical framework. We proceed by first stating (as in [35] ) an accounting relation: at any time, t,
with Y signifying the pecuniary value of the total output generated in the ith metropolitan area, W denoting its total labor income, and R its total capital income. It is from the observables in equation (7) that a putative production function is built. The production factor shares are defined as:
Note that in general a~a i (t,N i ) is city specific and a function of both time and population size N. We can differentiate equation (7) with respect to time (or with respect to N) and divide by output, Y, to obtain This can be integrated to give
Integration by parts then yields the general result:
The last integral can be written as
where c is a constant of integration, so that, finally,
We note that equation (13) is an instantiation of a more general relationship (for arbitrary c), which can in turn be derived algebraically (note too that for the free factor to be independent of the production factors a must be a constant). We prefer the derivation presented here so as to highlight that Y, W and R are functions of time.
Constraining the solution in equation (11) to be consistent with the original equation (7) determines c = 1. This solution is general in that it does not require, for example, that the factor shares, a, be constant in time or population size. Thus the derivation of a CobbDouglas type production function (see also below) follows directly from the definitions (7-8) and does not carry more specific economic significance beyond that contained in these relations. In fact, and not withstanding its prominent role in the history of economic analyses, the Cobb-Douglas production function is basically a trivial identity that follows from a simple dimensional argument: since Y, W and R must have the same dimensions, and assuming that Y is solely composed of W and R, it must be expressible as equation (13), with exponents adding up to unity. However, this formalism takes on potentially greater usefulness when a is, in fact, a constant, independent of both time and population size; that is, when
Although the constancy of a is typically assumed when using production functions, its validity at the urban level is rarely confronted by data. We have performed an analysis using data for U.S. urban areas to check its empirical basis. The share of total income accruing to labor, 1-a, can be calculated for both Metropolitan Statistical Areas (MSAs) and Micropolitan Statistical Areas, which together constitute the entire urban system of the United States. Figure 3 shows the time series, from 1969 to 2009, for the economy-wide value and the urban mean of 1-a. Urban labor's share of total income displays roughly the same temporal trend as the national labor's share of income, both hovering around a value of 0.70 (the coefficient of variation for 1-a is approximately 0.15 within each year). The correlation between the values of (1-a) specific to urban areas and their population size hovers around a paltry 0.05 over the whole of the period for which we have data: the share of total urban income accruing to locationspecific labor is not a function of urban population size. (There is evidence that labor's share of total national income is declining in the U.S. although the argument presented here holds even if this is the case. For a review of the evidence go to www.clevelandfed. org/research/trends/2012/0212/01gropro.cfm).
Equation (11), under the assumption of constant a, can be easily related to the familiar Cobb-Douglas production function, which is a widely used model for national and urban economies (see, for example, [7, 13, 14, 36] ). This requires the introduction of conversion factors relating wages, W i (t), to labor input, L i (t), and capital income, R i (t), to capital input, K i (t) :):
w is average wage, while r is the average rental price of capital. We can then write, Y, in the more familiar form
with C(a):(1{a) {(1{a) a {a : The pre-factor A(t,N) is often referred to as the total factor productivity (TFP) of the ith urban area and is the preferred measure of its economic productivity. A larger or smaller TFP multiplies the same factor inputs of labor and capital to produce greater or smaller economic output, respectively. Thus, the value of the TFP is interpreted as a body of technologies that allow the same input factors to produce a more valuable output, for example by shifting labor and capital from ''basic'' agriculture to ''high-tech'' industries. Technology, as captured by the value of A, should be interpreted broadly so that it can encompass all the social, demographic, technological, environmental, policy and even cultural factors that determine the overall productivity of an urban area. Finally, from equation (16) we obtain the following expression for urban TFP as a function of the productivity of labor and capital: 
Next, we show how the existence of scaling relations determines the form of A, resulting in its systematic parameterization as an explicit function of population size, N i , and specific local deviations, j i .
Derivation of Urban Total Factor Productivity From Scaling
So far we have explored the consequences of an accounting relation, equation (7) and the definition of factor shares, equation (8), together with the conservation laws expressed in equation (14), to obtain a Cobb-Douglas type production function common to all cities. We now show that the constancy of a is a consequence of urban scaling relations and their underlying microscopic dynamics, and use these relations to obtain a new expression for A i (t,N i ). First note that, with
it follows that
Thus, for a to be independent of N is equivalent to requiring that both wages and rents scale with the same exponent, so that b W~bR . This is predicted from theory [5] as both quantities result from socioeconomic interactions in the city, and, as we showed above, empirically observed for U.S. cities, as b W~bY , within their statistical confidence intervals. Consequently, the observation of universal socioeconomic superlinear urban scaling and its theoretical underpinnings imply the conservation of a vs. N and a Cobb-Douglas general form for the economic output of cities vs. population size. The constancy of a in time is more problematic as it requires that the pre-factors W 0 and R 0 share the same time dependence, and that the differences between the SAMIs for location-specific total wages and total capital income, and the SAMI for total output also be time independent. The former relate to urban system-wide (national) economic growth and as such can be expected to vary slowly in time. The latter do change slowly in time [3] , but analysis of their statistics reveals that their variance (recall that the SAMIs have zero mean) is approximately time independent [3, 32] , as such we can expect that the average of a over the SAMIs is also approximately time independent. The deeper reasons for the approximate time independence of these quantities remain an important open problem grounded on the theory of economic growth, beyond the scope of the present paper.
Assuming the constancy of a from the previous arguments, we now derive an explicit expression for the TFP of cities. We first note that both the numerator and denominator in the expressions for wage per worker and average capital rent exhibit scaling behavior so that the marginal productivity of the two production factors can be recast using their associated SAMIs as:
The term for TFP then takes the general form:
Equations (22)-(25) make explicit how urban TFP depends on both population size, through the scaling exponents, and on local, scale-independent fluctuations through the SAMIs. Equation (22) differs from a standard TFP formulation in that the productivityenhancing effects of population are explicitly controlled for and the population-neutral effects explicitly represented by the term in equation (24) . As a consequence any additional urban property proposed to explain a higher or lower productivity of specific cities not tied to their size (see below) must be expressed in terms of its contribution to the SAMIs for W, L, R and K.
Evaluating A requires knowledge of how K, the metropolitan capital stock, scales with urban size. Unfortunately, reliable data on urban capital stocks in the U.S. are not available at present. We can, however, estimate the value of the scaling coefficient for urban TFP by making a set of standard arguments. Given the observed values for the scaling coefficients for total wages and labor, b W < 1.15 and b L < 1, and with (12a) <0.7 the first term to the right of the equal sign on equation (24) has a value of 0.11 What about the value of the a(b R {b K ) term? Under the widelymade assumption [34] that the rental price of capital. r, is constant, or nearly so, across metropolitan areas, and given that R~r|K or equivalently,
For r to be a constant, we must have b R~bK . Therefore, b A < 0.11 implying that urban productivity, measured by the TFP, increases on average by about 11% with each doubling of population.
The systematic (i.e., average) dependence of A on urban population size thus originates in the mismatches of the scaling of total wages. W, versus labor, L, and, potentially, of capital income, R, versus capital returns, K. Given the observed values for the scaling coefficients for total wages and labor, their difference can generate an average increase in productivity resulting from a self-similar wage premium for the same amount of labor (and also, potentially, a savings in the amount of labor input). The scaleadjusted measure for urban TFP can be well-approximated by:
Below we measure these quantities in order to shed light on the ways in which cities can be more or less economically productive independently of their population size.
Decomposition of Urban Total Factor Productivity
We calculated the scale-adjusted TFP using equation (26) and data for both Metropolitan and Micropolitan Areas averaged over the period [2001] [2002] [2003] [2004] [2005] , and setting 1-a (labor's share of income), to be 0.7. For this decomposition we only use data on metropolitan wages and employment as these two variables are directly and unambiguously measurable.
The top fifty urban areas, ranked according to the values of their scale-adjusted productivity, j A , are shown on Table 1, while  Table 2 shows the rankings for the top fifty Metropolitan Areas (MSAs). One result immediately stands out: the absence of most of the large metropolitan areas from the top ranks of the most productive urban centers in contrast to a ranking generated by simply using the conventional output per worker as the measure of productivity. The scale-adjusted measure of urban TFP removes the productivity-enhancing effects of population size thereby identifying the truly most productive urban areas-the standard ranking using per capita measures seriously overestimates the largest metropolitan areas' productivity. Figure 4 shows all urban areas in terms of their two performance metrics: the SAMIs for wages, j W , and labor, j L . The population size of each city is denoted by the size of the circles, and their scale adjusted productivity j A as their color. We easily see that the 45u solid green line divides the plane into two regions: above the line, where j A .0, urban areas display above average TFP and are denoted in warm colors (green to red); below the line, where j A .0, and denoted in cold colors (green to dark blue) appear urban areas with below average TFP. Perhaps the most striking aspect of Figure 4 is how narrow that band of values is; remarkably there are almost no cities in the second and forth quadrants far from the origin.
The results show an interesting trend in the exceptionality of urban TFPs, once population size has been factored out. While the way to maximize TFP is to maximize the difference j W {j L ; that is to have exceptionally high wages and exceptionally low labor input (employment), few cities with such properties exist (they would appear in the 2 nd quadrant of Figure 4 ). The urban area with the highest productivity, by far, is Los Alamos, the Micropolitan Area in New Mexico that hosted the Manhattan Project, not shown in Figure 3 because it is so far off-scale. Los Alamos, with a population of about 18,000 inhabitants, receives an annual investment of approximately $2.2 billon in federal funds allocated to Los Alamos National Laboratory. Los Alamos shows both exceptionally high wages and levels of employment, but clearly these are largely the result of a particular federal decision related to the high value of Los Alamos National Laboratory's mission and its need for a small and remote location. The second highest urban TFP, even after accounting for population size, corresponds to Silicon Valley (the San Jose-Santa Clara, Metropolitan Area in California). San Jose also shows exceptionally high wages, and to a lesser extent high levels of employment. All other urban areas with highest TFP (dark red in Figure 4) share most of the same general characteristics. A singular exception is Harriman, TN, which shows a high TFP as a result of low levels of employment, and not particularly high wages.
To emphasize these points we show in Figure 4 While arguably these are signs of a functioning community it is penalized in terms of an exceptionally low TFP because its marginal product of labor (MPL) is small. A summary of these results is provided by a simple linear regression (j W = 20.02+1.17 j L , R 2 = 0.74, black solid line), which is close to a 45-degree line but also shows a slightly greater slope emphasizing the trend for higher wages and lower employment in high TFP cities and lower wages and higher employment for those with lower TFP.
These results suggest that the principal objective of cities is not to maximize their productivity alone. In fact, as decentralized economies where economic optimization is driven primarily by individuals, the key property of economically successful cities may be to maximize wages and this in turn may lead to general high levels of employment through supporting activities. This close relationship between high wages and high levels of employment and vice-versa seems to be a general feature of urban economies in the U.S. It would be interesting to test it further in other nations, through time.
Discussion
We have shown that an integrated consideration of the standard approach to urban areas as aggregate production devices and of the systematic dependence of the main factors of production on population size (via urban scaling) results in a specific form of a Cobb-Douglas type production function common to all cities. The resulting functional form manifests explicitly dependences of urban productivity on population size and local factors in terms of sizeindependent deviations (SAMIs). In particular, the analysis leads to a new expression for the total factor productivity (TFP) in terms of an explicit scale-invariant dependence on population size and on size-independent deviations due to the mismatch between labor income and employment (as well as capital income and capital stock).
We believe that these results provide some reassurance to urban economic theory, but, more importantly, a set of tight quantitative constraints that any model that aspires to describe real cities should satisfy. In fact, the decomposition of urban productivity through scaling analysis shows that the productivity of urban areas is actually a fairly low dimensional quantity characterized not only by a systematic average dependence on population size but also by a close relationship between exceptions to population size expectations in terms of wages and labor. This decomposition parallels, and may motivate, a re-examination of the sometimes difficult distinction between general urbanization effects common to all cities, which must be average functions of city size, and more particular localization effects that may be specific to a single city or to groups of cities.
It is the fact that larger deviations in magnitude occur for wages than for employment that makes this co-variation positive or negative. These results suggest that the economies of cities are not maximizing total productivity per se, as might be the case for a firm, but instead at providing environments for economic development and productivity enhancements that, when successful, lead to growth in both wages and employment. We believe that economic theory aimed at explaining the aggregate productivity of urban areas (in the U.S., at least) should be aimed at these clear and regular empirical relationships. It remains an open question for further study whether these relations apply to other urban systems, and to what extent the approximate time independence of the factors share, a, can be derived from a deeper understanding of the processes of economic growth at the regional and national levels.
Materials and Methods
Functional City Definitions
Metropolitan and Micropolitan Statistical Areas are defined by the U.S. Office of Management and Budget and are standardized county-based regions having at least one urbanized area (with 50,000 or more population in the case of MSAs or at least 10,000, but less than 50,000, in the case of Micropolitan Areas), plus adjacent territory with a high degree of social and economic integration with the core as measured by commuting ties. Both MSAs and Micropolitan Areas are in effect unified labor markets that represent a wide variety of geographic, demographic and socio-economic characteristics. There are 366 MSAs and 576 Micropolitan Areas in the USA as of June 2011.
Data Sources
Data on Gross Metropolitan Product and on metropolitan employment, population and personal income are provided by the U.S. Commerce Department's Bureau of Economic Analysis (BEA) (www.bea.gov/regional/index.htm#gsp). Total personal income is calculated as the sum of wage and salary disbursements, supplements to wages and salaries, proprietors' income, rental, dividend and interest income, and personal current transfer receipts, less contributions for government social insurance, while labor income is the sum of wage and salary disbursements and supplements to wages and salaries. Data on total wages, employment and population were obtained from the Regional Economic Accounts also produced by the BEA (www.bea.gov/ regional/reis/). Wage data was deflated using the Federal Reserve's chain-type price index and is expressed in 2005 dollars (www.research.stlouisfed.org).
